We consider sufficient conditions which guarantee that an embedding from the plane R 2 into itself has a unique fixed point. We study sufficient conditions which imply the appearing of a globally attracting fixed point for such an embedding.
Introduction
This work deals with embeddings from the plane R 2 into itself. It was motivated by questions about the existence of unique fixed points, as well as questions about stability. (See [2] , [4] [5] , [11] and [13] .) It was, in particular, inspired by the following:
DMY Question (Discrete Markus-Yamabe Question) [4, 5] Let f : R 2 → R 2 be a C 1 −map such that f (0) = 0 and Spec(f ) ⊂ B(0, 1). Is 0 a global attractor for the discrete dynamical system generated by f ?
To state our results, we shall need the following definitions.
Let f : R n → R n be a differentiable map. Denote by Spec(f ) the set of eigenvalues of Df p , for all p ∈ R n .
Let f : R n → R n be a continuous map. We say that γ is an f −invariant ray if γ is a smooth embedded curve with no self-intersections starting at 0 and going to infinity such that f (γ) ⊆ γ. It is assumed that 0 ∈ γ.
Let Emb(R 2 ) denote the set of topological embeddings f : R 2 → R 2 . We will denote by Emb + (R 2 ) the subset of the orientation preserving maps of Emb(R 2 ) and by Emb d (R 2 ) the subset of differentiable maps of Emb(R 2 ). Finally, let Emb
Let f ∈ Emb(R 2 ) and let p ∈ R 2 . We define the ω−limit set of p, ω(p), the set (possibly empty) of points x ∈ R 2 for which there exists a sequence of positive integers n k → ∞ such that f n k (p) → x as k → ∞.
We will say that x ∈ R 2 is a non-wandering point of f ∈ Emb(R 2 ) if for every neighborhood U of x, there exist an integer n > 2 and a point q ∈ U such that f n (q) ∈ U. We denote by Ω(f ) the set of non-wandering points of f .
Let f ∈ Emb(R 2 )
• We say that 0 ∈ R 2 is a local attractor (resp. a local repellor) for f if there exists a compact disc D, contained in the domain of definition of f (resp. contained in the domain of definition of f −1 ), which is a neighborhood of 0 such that
Note that if f ∈ Emb 1 (R 2 ) has a hyperbolic attractor at 0, our definition coincides with the classical one [8] .
• We shall say that 0 ∈ R 2 is a global attractor for f if 0 is a local attractor and for all p ∈ R 2 , ω(p) = {0}.
∪{∞} is a homeomorphism of the Riemann Sphere, with f (∞) = ∞, we may similarly define when ∞ is either an atractor or a repellor.
there exists a n 0 ∈ N such that f n 0 (p) ∈ W . We will say that f ∈ Emb(R 2 ) is a dissipative map if there exists a window for f .
Assume that f ∈ Emb(R 2 ) such that f (p) = p. The fixed point p is stable in the sense of Lyapunov (or Lyapunov stable) if every neighborhood U of p contains another neighborhood V such that, for each n ≥ 0, f n (V ) is well defined and f n (V ) ⊂ U.
It was proved in [4] that the DMY Question had a positive answer for polynomial diffeomorphisms of R 2 but was false even for rational diffeomorphism of R 2 . Therefore, we wondered if the DMY Question had a positive answer, for smooth diffeomorphisms of R 2 under the additional assumption (a) ∞ is a repellor.
We show that this assumption is not good enough either: there exists a smooth diffeomorphism f : R 2 → R 2 having an order four periodic point and such that ∞ is a repellor, f (0) = 0 and Spec(f ) ⊂ B(0, 1). (See Theorem 4.4).
Since every global diffeomorphism f of R 2 having 0 as a global attractor satisfies (b) f has an f −invariant ray (see Proposition 5.2 where we show that for such an f, there is a foliation of R 2 \0 by f −invariant rays), we study the MYD Question under the additional assumptions (a) and/or (b) obtaining the following five results:
2 ) be such that f (0) = 0, and that it has an f −invariant ray γ.
be such that f (0) = 0, and that it has an f −invariant ray γ. If Spec(f ) ⊂ B(0, 1), then 0 is a local attractor and Ω(f ) = {0}.
, for some ǫ > 0, then not only is f an embedding with F ix(f ) = {0}, and 0 is a local attractor for f .
Relevant to our results, Figure 1 shows the phase portrait of a smooth flow transversal do the unit circle ∂D such that, the time-one-map f :
induced by the flow, which can be assumed to be a smooth diffeomorphism of R 2 , satisfies f (D) ⊂ Int (D) (where D is the unit disc.) and, for all p ∈ R 2 , ω(p) = {0}. Observe that any trajectory of the flow meeting ∂D is an f −invariant ray, while the origin 0 is not a local attractor. For further examples, see [2] . 
we have that ω(p) = {0}, for all p ∈ R 2 . Moreover, if 0 is a locally Lyapunov stable fixed point, then 0 is a global attractor for f . Theorem 3.6. Let f ∈ Emb(R 2 ) be of class C 1 such that f (0) = 0, and that it satisfies the following three conditions: (i) There exist real numbers R > 0 and 0 < α < 1 such that ||Df p · p|| < α ||p||, for every ||p|| > R.
(ii) Spec(f ) ⊂ B(0, 1).
(iii) There exists a f −invariant ray γ.
Under either of the following two conditions:
we have that 0 is a global attractor for f .
In obtaining our results, we have profited from the main results of [1] , [3] , [6] , [10] , [14] . Section 2 deals with conditions which imply that a continuous map from R 2 into itself is an embedding and/or has a unique fixed point. In Section 3, we study dissipative embeddings having a global attractor. Some important examples are considered in Section 4. Section 5 presents the results which motivated our assumptions.
Embeddings with only one fixed point
We shall need the following
. If f has a periodic point p, then the set Fix(f ) of the fixed points of f is nonempty.
Proof. Suppose by contradiction that Fix(f ) = ∅. By Theorem 2.1, Ω(f ) does not contain periodic points. Let p ∈ Ω(f ). Then there exist a disc U, an integer n > 2 and a point q ∈ U such that f n (q) ∈ U, and for all,
be an orientationpreserving embedding which is a perturbation of f supported in U, such that g(f n (q)) = f (q). Then q is periodic point of g of period n. Therefore, by Theorem 2.1, g has a fixed point q 0 . Certainly q 0 / ∈ U and so q 0 ∈ Fix(f ). This contradiction proves the result.
2 is an open set homeomorphic to R 2 and g : U → U is an orientation preserving embedding with Ω(g) = ∅, then g has a fixed point.
2 is a homeomorphism then we may apply Corollary 2.
We remark that the version of Theorem 2.1 for chain-recurrent-points can be found in [10] .
Theorem 2.4 (Fernandes, Gutierrez and Rabanal [6] 
Proof. Let g = f − Id, where Id : R 2 → R 2 is the identity map. Certainly λ ∈ Spec(f ) if and only if λ − 1 ∈ Spec(g). So there exists an ǫ > 0 such that Spec(g) ∩ [0, ǫ) = ∅. By Theorem 2.4, g is injective; this implies the conclusion.
The following result gives us a condition for a differentiable map be an embedding having a unique fixed point:
Proof. It follows immediately from Theorem 2.4 and Corollary 2.5. 
Proof. Suppose a) is satisfied. If 0 is the only fixed point of f and there exists a f −invariant ray γ, then f :
Then Ω(f ) ⊂ γ and since f | γ : γ → γ is a one dimensional homeomorphism with only one fixed point, then given p ∈ R 2 either ω(p) = {0} or ω(p) = ∅.
If b) is satisfied we may apply a) to f 2 , which is always orientation preserving, and obtain the required conclusion.
Proof. It follows directly from Lemma 2.7 and Corollary 2.5.
Proof. It follows from the Hartman and Grobman Theorem [8] that 0 is a local attractor. By applying Theorem 2.8, we obtain this result. The proof of theorem below can be found in [1] .
Dissipative embeddings and attractors
We shall need the following result (see also [9] ):
Proposition 3.1. (Richeson and Wiseman [12], 2002) . Let X be a metric locally compact set and f : X → f (X) be an homeomorphism. The following are equivalent:
(ii) For all compact set D ⊂ X there exists a window W for f such that 
we have that ω(p) = {0}, for all p ∈ R 2 . Moreover, if 0 is a locally Lyapunov stable fixed point, then 0 is a global attractor for f .
Proof. As f is a dissipative map, there exists a compact set D ⊂ R 2 such that for all p ∈ R 2 , ω(p) = ∅ and ω(p) ⊂ D. Using Lemma 2.7 we conclude that for all p ∈ R 2 , ω(p) = {0}. Therefore, if 0 is locally stable in the sense of Lyapunov, we may obtain that 0 is a global attractor.
Remark 3.4. Under the condition of Theorem 3.3, if 0 is stable in the sense of Lyapunov, we have index(f, 0) = 1 ([11]).
Lemma 3.5. Let f : R n → R n be a C 1 −map such that f (0) = 0. Suppose that there exist R > 0 and 0 < α < 1 such that
There exist S 0 > R and α < µ < 1 such that if p ∈ R n and ||p|| ≥ S 0 then ||f (p)|| ≤ µ ||p||.
Proof. AsB(0, R) is a compact set, there exists a real number M > 1 such that Df q ≤ M for all q ∈B(0, R).
Let µ = . Notice that 0 < α < µ < 1 and
Theorem 3.6. Let f ∈ Emb(R 2 ) be of class C 1 such that f (0) = 0, and that it satisfies the following three conditions: (i) There exist real numbers R > 0 and 0 < α < 1 such that ||Df p · p|| < α ||p||, for every ||p|| > R.
Under either of the following two conditions:
(1) f is orientation preserving
Proof. Suppose that (1) is satisfied. By item (i) and Lemma 3.5, f is dissipative. Therefore, by items (ii), (iii) and Hartman and Grobman Theorem [8] , we may apply Theorem 2.9 to obtain the requested conclusion: 0 is a global attractor for f. By Theorem 2.12, the proof of this theorem under assumption (2) is the same as that under the assumption (1); notice that f 2 is always orientation preserving.
Examples
The following two examples can be found in [4] .
The map F satisfies the following properties:
1. Set p = (x, y) ∈ R 2 and let λ be an eigenvalue of JF (p). If xy = 0 then λ = 0. Otherwise λ / ∈ R and |λ| < √ 3k/2.
F
be as in theorem 4.1 and let 0 < a < 1. Let G a : R 2 → R 2 be defined by
If a is small enough, the map G a is a global diffeomorphism of R 2 onto itself which satisfies the following properties: The next example shows that DMY Question has a negative answer, for smooth diffeomorphisms of R 2 , under the additional condition that ∞ is a repellor. We introduce some notations and Lemmas that we will use in the proof of Theorem 4.4.
is a linear map, we denote by sr (A) the espectral radius of A:
sr (A) = max {|λ| : λ is an eigenvalue of A} As usual, the norm ||A|| of A is ||A|| = sup {||Av|| : ||v|| = 1}.
It is well known that
sr (A) ≤ ||A||.
Lemma 4.6. Given R > 0, C > 0 and 0 < ε < 1 8C , there exists a smooth function
, for all r > N.
Proof. First we define φ(r) = 1, for all r ∈ [0, R]. Hence, we consider the sequence (S(n)) defined for all positive integer n by
Observe that S(n) → −∞ as n → ∞. Let N be the integer such that
For all positive integer n ≥ 1 we define
For each integer n such that 1 ≤ n ≤ N − 1 we consider a smooth map
which is flat at R + n and R + n + 1 and defined as above and such that
Finally, for r > R + N we define φ(r) = 1 2C · Then the map φ verifies the conditions because, for n = 1, · · · , N and R + n − 1 ≤ r ≤ R + n we have Proof. Writting B = b I + E, we have BA = bA + EA and
Then, given δ > 0 there exist 0 < ε <
8C
such that
that is, such that sr(BA) ≤ b sr(A) + δ .
Hence, it sufficient to consider 0 < δ < 0, 95 − b · 0, 9 .
Proof of Theorem 4.4. Consider the Szlenk-Cima-Gasull-Mañosas's Example
) and 0 < a < a 0 < 1 such that G a verifies Theorem 4.2. Also consider a constant C > 0 such that for all (x, y) ∈ R 2 ,
Since, sr (G 0 ) < √ 3k/2 and Spec(G a )(x, y) = Spec(G 0 )(x, y) − a, for all (x, y) ∈ R 2 , there exist 0 < a 0 < 1 and 1 < k 0 < 2 √ 3 · (0, 88) (≈ 1, 01614), such that sr (G a ) ≤ 0, 9 , for all 0 < a < a 0 and 1 < k < k 0 .
Asociated to the numbers R = 2 √ k − 1 , C > 0 as in (1) and 0 < ε < 1 8C as in Lemma 4.7, consider the smooth function
of Lemma 4.6. We will prove that
with a (and k) as in (2), and with H defined by
verifies our Theorem. 1) To prove f is a smooth diffeomorphism we show that H is a smooth diffeomorphism. If r = x 2 + y 2 , we have
and lim
the map H is a global diffeomorphism.
2) To prove sr(f ) < 1 first observe that DG a (x, y) is in the set A of Lemma 4.6, for all (x, y). Also, if r = |Ga(x, y)| and (u, v) = Ga(x, y) we have
Then, by Lemma 4.7, we obtain sr(f ) ≤ 0.95 .
3) Clearly f (0, 0) = (0, 0). Moreover, since p = (R/2, 0) is a hyperbolic order four periodic point of G 0 , then not only the diffeomorphism G a has a hyperbolic order four periodic point in the puncture ball B(0, R) − {0} but also f . 4) Finally
for all |(x, y)| ≥ R + N with N as in item 3) of Lemma 4.6. Therefore, ∞ is a repellor for f and the proof is complete.
Final remarks
The following result might have motivated the DMY Question:
Proof. Let q ∈ R n and S = q . As f is a C 1 −map, andB(0, S) is a compact set there exists a real number M > 0 such that for all p ∈B(0, S), Df p ≤ M < 1. Hence f (B(0, S)) ⊆ B(0, S) and so f |B (0,S) is a M−contraction. Therefore f k (q) → 0 as k → ∞. As q ∈ R n is an arbitrary point, 0 is a global attractor for the discrete dynamical system generated by f .
Next proposition justifies one of our main assumptions. Proof. Given 0 < r 1 < r 2 and r > 0 let denote A(r 1 , r 2 ) = {p ∈ R 2 : r 1 ≤ p ≤ r 2 }, B(r) = {p ∈ R 2 : p < r} and S(r) = {p ∈ R 2 : p = r}. Also, given a simple closed curve γ ⊂ R 2 , we denote by γ − (resp. γ + ) the union of γ with the bounded (resp. unbounded) connected component of R 2 − γ.
Let D be a smooth compact disk such that 0 ∈ int(D), f (D) ⊂ int(D) and n∈Z f n (D) = R 2 . Denote by C = ∂D the boundary of D. Let V (C) be a small smooth tubular neighborhood of C such that f (V (C)) ∩ V (C) = ∅. For ε > 0 small, consider a smooth embedding g 1 : A(2 − 2ε, 2 + 2ε) → V (C) with g 1 (S(2)) = C.
and define the smooth embedding g 2 = f • g 1 • T : A(1 − ε, 1 + ε) → (V (C)), where T (x, y) = 2(x, y). In this way, (1) restricted to A(2 − 2ǫ, 2 + 2ǫ), the map f • g 1 equals to g 2 • T −1 .
We claim that (2) there exists a smooth embedding H 0 : A(1 − ε, 2 + 2ε) → R 2 which is an extension of both g 1 and g 2 .
In fact, let G 1 : S(2 − 2ε) + → g 1 (S(2 − 2ε)) + and G 2 : S(1 + ε) − → g 2 (S(1 + ε)) − be smooth diffeomorphisms which are extensions of g 1 and g 2 , respectively (see Theorems 8.3.3 and and 8.1.9 of [7] ). Using Theorem 8.3.2 of [7] we can find a smooth diffeomorphism H : R 2 ∞ → R 2 ∞ diffeotopic to the identity of R 2 which restricted to S(2 − 2ε) + and S(1 + ε) − coincides with G 1 and G 2 , respectively. The proof of claim (2) is obtained by defining H 0 to be equal to the restriction of H to A(1 − ε, 2 + 2ε).
On the annulus A(1 − ǫ, 2 + ǫ) we consider the foliation L 0 whose leaves are the linear segments r p = {tp : 1 − ǫ ≤ t ≤ 2 + ǫ} with p ∈ S(1). We claim that (3) If ℓ ⊂ A(2 − 2ǫ, 2 + 2ǫ), is an arc of a leaf of L 0 , then both H(ℓ) and f (H(ℓ)) are arcs of the same leaf of the foliation H(L 0 ).
In fact, using (1), we obtain that
The claim follows from this and from the fact that ℓ and T −1 (ℓ) are arcs of the same leaf of L 0 .
Then, by (2) and(3), F = k∈Z f k (H(L 0 )) is a smooth foliation on R 2 − {0} by f −invariant rays.
